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Abstract
In [A.J. Baker, C. Ozel, Complex cobordism of Hilbert manifolds with some applications to flag
varieties, Contemp. Math. 258 (2000) 1–19], by using Fredholm index we developed a version of
Quillen’s geometric cobordism theory for infinite dimensional Hilbert manifolds. This cobordism
theory has a graded group structure under topological union operation and has push-forward maps
for complex orientable Fredholm maps. In [C. Ozel, On Fredholm index, transversal approxima-
tions and Quillen’s geometric complex cobordism of Hilbert manifolds with some applications to
flag varieties of loop groups, in preparation], by using Quinn’s Transversality Theorem [F. Quinn,
Transversal approximation on Banach manifolds, Proc. Sympos. Pure Math. 15 (1970) 213–222], it
has been shown that this cobordism theory has a graded ring structure under transversal intersection
operation and has pull-back maps for smooth maps. It has been shown that the Thom isomorphism in
this theory was satisfied for finite dimensional vector bundles over separable Hilbert manifolds and
the projection formula for Gysin maps has been proved. In [M. Chas, D. Sullivan, String topology,
math.GT/9911159, 1999], Chas and Sullivan described an intersection product on the homology of
loop space LM . In [R.L. Cohen, J.D.S. Jones, A homotopy theoretic realization of string topology,
math.GT/0107187, 2001], R. Cohen and J. Jones described a realization of the Chas–Sullivan loop
product in terms of a ring spectrum structure on the Thom spectrum of a certain virtual bundle over
the loop space. In this paper, we will extend this product on cobordism and bordism theories.
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1.1. Recollections on Hilbert manifolds
In this section we review the basic facts about Hilbert manifolds, and we refer to [4,5]
for a general introduction to infinite dimensional manifolds. All manifolds we consider in
this paper are Hausdorff and second countable.
1.1.1. Differential calculus
Let E and F be two topological vector spaces. Let f :E → F be a continuous map. We
say that f is differentiable at x ∈ E if for any v ∈ E the limit:
dfx(v) = lim
t→0
f (x + tv) − f (x)
t
exists. One can define differentials, C∞ morphisms, diffeomorphisms and so on.
1.1.2. Hilbert manifolds
A topological space X is a manifold modelled on a separable Hilbert space E if there
exists an atlas {Ui,ϕi}i∈I such that:
(i) each Ui is an open set in X and X =⋃i∈I Ui ,
(ii) ϕi :Ui → E is a homeomorphism,
(iii) ϕiϕj−1 is a diffeomorphism whenever Ui ∩ Uj is not empty.
1.1.3. Fredholm maps
A smooth map f :X → Y between two Hilbert manifolds is a Fredholm map if for each
x ∈ X, the linear map
dfx :TxX → Tf (x)Y
is a Fredholm operator, that is to say if kerdfx and cokerdfx are finite dimensional spaces.
The index of a Fredholm map index :X → Z defined by
index(fx) = dim(kerdfx) − dim(cokerdfx)
is continuous.
1.2. Cobordism of separable Hilbert manifolds
Definition 1.1. Suppose that f :X → Y is a proper Fredholm map with even index at each
point. Then f is an admissible complex orientable map if there is a smooth factorization
f :X
f˜−→ ξ q−→ Y,
where q : ξ → Y is a finite dimensional smooth complex vector bundle and f˜ is a smooth
embedding endowed with a complex structure on its normal bundle ν(f˜ ).
A complex orientation for a Fredholm map f of odd index is defined to be one for
the map (f, ε) :X → Y × R given by (f, ε)(x) = (f (x),0) for every x ∈ X. At x ∈ X,
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smooth factorization will be replaced by ξ × R.
Suppose that f is an admissible complex orientable map. Then since the map f is the
Fredholm and ξ is a finite dimensional vector bundle, we see f˜ is also a Fredholm map.
By the surjectivity of q ,
index f˜ = indexf − dim ξ.
Proposition 1.2. The relation of equivalence of admissible complex orientation of proper
Fredholm maps between separable Hilbert manifolds is an equivalence relation.
This generalizes Quillen’s notion of complex orientation for maps of finite dimensional
manifolds. We remark that a closed imbedding is orientable morphism if and only if ν(f˜ )
is finite dimensional and orientable. A closed Fredholm map is proper by a result of Smale
[8].
We can also define a notion of cobordism of admissible complex orientable maps be-
tween separable Hilbert manifolds. First we recall some ideas on the transversality.
Definition 1.3. Let f1 :M1 → N , f2 :M2 → N be smooth maps between Hilbert mani-
folds. Then f1 and f2 are transverse at y ∈ N if
df1(Tx1M1) + df2(Tx2M2) = TyN
whenever f1(x1) = f2(x2) = y. The maps f1 and f2 are said to be transverse if they are
transverse at every point of N .
Lemma 1.4. Smooth maps fi :Mi → N (i = 1,2) are transverse if and only if
f1 × f2 :M1 × M2 → N × N is transverse to the diagonal map Δ :N → N × N .
Definition 1.5. Let f1 :M1 → N , f2 :M2 → N be transverse smooth maps between
smooth Hilbert manifolds. The topological pullback
M1 N M2 =
{
(x1, x2) ∈ M1 × M2: f1(x1) = f2(x2)
}
is a submanifold of M1 × M2 and the diagram
M1 N M2
f ∗2 (f1)
f ∗1 (f2)
M2
f2
M1
f1
N
is commutative, where the map f ∗i (fj ) is pull-back of fj by fi .
Definition 1.6. Let fi :Xi → Y(i = 0,1) be admissible complex oriented maps. Then f0 is
cobordant to f1 if there is an admissible complex orientable map h :W → Y ×R such that
the maps εi :Y → Y × R given by εi(y) = (y, i) for i = 0,1, are transverse to h and the
pull-back map ε∗i h is equivalent to fi . The cobordism class of f :X → Y will be denoted
by [X,f ].
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a smooth map transverse to f , then the pull-back map
g∗(f ) :ZY X → Z
is an admissible complex orientable map with finite dimensional pull-back vector bundle
g∗(ξ) = ZY ξ =
{
(z, v) ∈ Z × ξ : g(z) = q(v)}
in the factorization of g∗(f ), where q : ξ → Y is the finite-dimensional complex vector
bundle in the factorization of f as in Definition 1.1.
The next result was proved in [6] by essentially the same argument as in the finite
dimensional situation using the Implicit Function Theorem [4].
Theorem 1.8. Cobordism is an equivalence relation.
Definition 1.9. For a separable Hilbert manifold Y , Ud(Y ) is the set of cobordism classes
of the admissible complex orientable proper Fredholm maps of index −d .
Our next result is the following.
Theorem 1.10. If f :X → Y is an admissible complex orientable Fredholm map of index
d1 and g :Y → Z is an admissible complex orientable Fredholm map of index d2, then
g ◦ f :X → Z is an admissible complex orientable Fredholm map with index d1 + d2.
1.2.1. Push-forward or Gysin maps
Let g :Y → Z be an admissible complex orientable Fredholm map of index r . By The-
orem 1.10, we have push-forward, or Gysin map
g∗ :Ud(Y ) → Ud+r (Z)
given by g∗([X,f ]) = ([X,g ◦ f ]).
We show in [6] that it is well-defined. If g′ :Y → Z is a second map cobordant to g
then g′∗ = g∗; in particular, if g and g′ are homotopic through proper Fredholm maps they
induce the same Gysin maps. Clearly, we have (h ◦ g)∗ = h∗g∗ for admissible complex
orientable Fredholm maps h,g and Id∗ = Id.
The graded cobordism set U∗(Y ) of the separable Hilbert manifold Y has a group struc-
ture given as follows. Let [X1, f1] and [X2, f2] be cobordism classes. Then [X1, f1] +
[X2, f2] is the class of the map f1 unionsq f2 :X1 unionsq X2 → Y , where X1 unionsq X2 is the topological
sum (disjoint union) of X1 and X2. We show in [6] that this sum is well-defined. As usual,
the class of the empty set ∅ is the zero element of the cobordism set and the negative of
[X,f ] is itself with the opposite orientation on the normal bundle of the embedding f˜ .
Then we have
Theorem 1.11. The graded cobordism set U∗(Y ) of the admissible complex orientable
maps of Y is a graded Abelian group.
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Definition 1.12. If A is a finite dimensional submanifold of Y , the relative cobordism set
U∗(Y,A) is the set of the admissible complex orientable maps of Y whose images lie in
Y − A.
More generally,
Theorem 1.13. Let A be a finite dimensional submanifold of Y . Then the relative
cobordism set U∗(Y,A) is a graded Abelian group and there is a homomorphism
κ∗ :U∗(Y,A) → U∗(Y ) by κ∗[M h−→ Y ] = [M h−→ Y ] with h(M) ⊂ Y − A.
If our cobordism functor U∗( ) of admissible complex orientable Fredholm maps is re-
stricted to finite dimensional Hilbert manifolds, it agrees Quillen’s complex cobordism
functor MU∗( ).
Theorem 1.14. For finite dimensional separable Hilbert manifolds A ⊂ Y , there is a nat-
ural isomorphism
U∗(Y,A) ∼= MU∗(Y,A).
1.2.2. Transversal approximations, contravariance and cup products
We would like to define a product structure on the graded cobordism group U∗(Y ).
Given cobordism classes [X1, f1] ∈ Ud1(Y1) and [X2, f2] ∈ Ud2(Y2), their external product
is
[X1, f1] × [X2, f2] = [X1 × X2, f1 × f2] ∈ Ud1+d2(Y1 × Y2).
Although there is the external product in the category of cobordism of separable Hilbert
manifolds, we cannot necessarily define an internal product on U∗(Y ) unless Y is a
finite dimensional manifold. However,if admissible complex orientable Fredholm map
f1 × f2 :X1 × X2 → Y × Y is transverse to the diagonal imbedding Δ :Y → Y × Y , then
we do have an internal (cup) product
[X1, f1] ∪ [X2, f2] = Δ∗[X1 × X2, f1 × f2].
If Y is finite dimensional, then by Haefliger and Thom’s Transversality Theorem in [9],
every complex orientable map to Y has a transverse approximation, hence the cup product
∪ induces a graded ring structure on U∗(Y ). The unit element 1 is represented by the iden-
tity map Y → Y with index 0. However Quinn [7] proved the generalization of Thom’s
Transversality Theorem for separable Hilbert manifolds using smooth transversal approx-
imations of Sard functions in fine topology.
By Quinn’s Transversality Theorem, a smooth map (even continuous map) g :Z → Y
can be deformed to a smooth map g′ :Z → Y by a small correction until it is transverse
to an admissible complex orientable map f :X → Y . It is obvious that they are homo-
topic each other. By definition of Cobordism and Proposition 1.7, the cobordism functor is
contravariant for any smooth map between separable Hilbert manifolds.
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Y be a smooth (may be continuous) map. Then the cobordism class of the pull-
back ZY X → Z depends only on the cobordism class of f , hence there is a map
g∗ :Ud(Y ) → Ud(Z) given by
g∗[X,f ] = g′ ∗[X,f ] = [ZY X,g′ ∗(f )],
where g′ is a smooth ε-approximation of g which is transverse to f . Moreover, g∗ depends
only on the homotopy class of g.
Let turn back the interior(cup) products in U∗. Given cobordism classes [X1, f1] ∈
Ud1(Y1) and [X2, f2] ∈ Ud2(Y2), their external product is
[X1, f1] × [X2, f2] = [X1 × X2, f1 × f2] ∈ Ud1+d2(Y1 × Y2).
If admissible complex orientable Fredholm map f1 × f2 is transverse to the diagonal
imbedding Δ :Y → Y × Y , then we do have an internal (cup) product
[X1, f1] ∪ [X2, f2] = Δ∗[X1 × X2, f1 × f2].
If the diagonal imbedding Δ :Y → Y × Y is not transverse to smooth proper Fredholm
map f1 × f2 :X1 × X2 →, by Quinn’s transversality Theorem, we can find a smooth ε-
approximation Δ′ of Δ which is transverse to f1 × f2. Then
Theorem 1.16. If [X1, f1] ∈ Ud1(Y1) and [X2, f2] ∈ Ud2(Y2), internal (cup) product
[X1, f1] ∪ [X2, f2] = Δ∗[X1 × X2, f1 × f2] = Δ′ ∗[X1 × X2, f1 × f2] ∈ Ud1+d2(Y )
where Δ′ is a smooth ε-approximation of Δ which is transverse to f1 × f2.
The cup product is well-defined and associative.
Then, U∗( ) is a multiplicative contravariant functor for smooth functions on the sepa-
rable Hilbert manifolds.
1.2.3. Euler class and Thom isomorphism
We define the Euler class of a finite dimensional complex vector bundle on a separable
Hilbert manifold. Note that Theorem 1.15 implies that this Euler class is a well-defined
invariant of the bundle π .
Definition 1.17. Let π : ξ → B be a finite dimensional complex vector bundle of dimension
d on a separable Hilbert manifold B with zero-section i :B → ξ . The U -theory Euler class
of ξ is the element
χ(π) = i∗i∗(1) ∈ U2d(B).
Let π : ξ → X be a finite dimensional complex vector bundle of dimension d on a
separable Hilbert manifold X with zero-section i :X → ξ .
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Lemma 1.18. A smooth split submanifold of a smooth separable Hilbert manifold has a
smooth tubular neighborhood.
The map i is proper so that we have the Gysin map
i∗ :U j (X) → U j+2d(ξ, ξ − U)
where U is a smooth neighborhood of the zero section.
The map π is not proper. However if U is contained in a tube Ur of finite radius r , then
π|U¯ is proper and we can define
π∗ :U j+2d(ξ, ξ − U) → U j (X).
Since πi = Id we have π∗i∗ = Id. The composite map iπ is homotopic to Idξ . If U = U◦
is itself a tube, the homotopy moves on U and we have Thom isomorphism
U j+2d(ξ, ξ − U) ∼= U j (X).
2. Free loop spaces and manifold structure
We point out that three different types of free loop spaces are used in the mathematical
literature:
• Spaces of continuous loops;
• Spaces of smooth loops which are Frechet manifolds but not Hilbert manifolds;
• Spaces of Sobolev class of loops.
These three spaces are very different from an analytical point of view, but they are
homotopy equivalent. Here we use the last space of maps.
Let Md be a closed complex d-dimensional smooth manifold, and let LM = C∞(S1,M)
be the space of smooth loops in M . Let consider the standard parameterization of the circle
by the unit interval, exp : [0,1] → S1 defined by exp(t) = e2πit . With respect to this pa-
rameterization we can regard a loop γ ∈ LM as a map γ : [0,1] → M with γ (0) = γ (1).
Following [1], we can consider C∞(S1,M) as a Frechet manifold. But we want to enlarge
this space and to consider for k ∈ Z+ the spaces Hk(S1,M) of Hk curves.
They are spaces of Sobolev maps whose kth derivative is square integrable with respect
to the unique flat metric on S1 inducing the measure dt on S1. These spaces have the
advantage of being Hilbert manifolds as we will see below for the case k = 1. We also
have the following equation:
C∞
(
S
1,M
)=⋂
k
Hk
(
S
1,M
)
.
Proposition 2.1. The spaces Hk(S1,M) are homotopy equivalent to the Frechet manifold
C∞(S1,M) and to the space of continuous maps C0(S1,M) equipped with the compact
open topology.
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ous paths in M with compact open topology, for k = ∞ the space of C∞-paths in M and
of Hk-paths in M otherwise. Then we have
P∞M ⊂ · · · ⊂ P1M ⊂ P0M,
where all these inclusions are continuous. Since these spaces are all contractible the inclu-
sions are homotopy equivalences.
Let ev0,1 :PkM → M × M be the evaluation map defined by ev0,1(c) = (c(0), c(1)).
Free loop spaces are obtained by taking the pull back of this map along the diagonal map
Δ :M → M × M . The result follows from the fact that the map ev0,1 is a fibration, pull-
backs along fibrations being homotopy invariant. 
3. The ring structure on LM−T M and the string product in U∗(LM)
Let Md be a closed oriented d-dimensional smooth manifold, and let LM = C∞(S1,M)
be the space of smooth loops in M . In [2], Chas and Sullivan described an intersection
product on the homology H∗(LM), having total degree −d ,
◦ :Hq(LM) ⊗ Hr(LM) → Hq+r−d(LM).
In [3], Cohen and Jones described a realization of the Chas–Sullivan loop product in
terms of a ring spectrum structure on the Thom spectrum of a certain virtual bundle over
the loop space. We want to extend this product on the U∗-theory. Let Md be a closed com-
plex d-dimensional smooth manifold, and let LM = C∞(S1,M) be the space of smooth
loops in M . Let consider the standard parameterization of the circle by the unit interval,
exp : [0,1] → S1 defined by exp(t) = e2πit . With respect to this parameterization we can
regard a loop γ ∈ LM as a map γ : [0,1] → M with γ (0) = γ (1). Let consider the evalu-
ation map ev :LM → M by γ → γ (1).
Let ι :M → CN+d be a fixed smooth imbedding of M into codimension N unitary
space. Let νN → M be the 2N -dimensional normal bundle. Let Th(νN) be the Thom
space of this bundle. We know that Th(νN) is Spanier–Whitehead dual to M+ where M+
denotes M with a disjoint basepoint. Let M−TM be the spectrum given by desuspending
the Thom space,
M−TM =
−2(N+d)∑
Th
(
νN
)
.
We have the following spectra maps
S
0 → M+ ∧ M−TM and M+ ∧ M−TM → S0,
where M−TM is S-dual of M+. These maps induce an equivalence with the function spec-
trum M−TM  Map(M+,S0). Since U∗(X)  MU∗(X) for finite dimensional manifolds
X and the contravariant cobordism theory MU∗ is dual to the covariant bordism theory
MU∗, we have the following isomorphisms
Uq(M+) ∼= U−q
(
M−TM
)
,
U−q
(
M−TM
)∼= Uq(M+)
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U−q
(
M−TM
) τ−→ U−q+2d(M+) ρ−→ Uq(M+)
where τ is the Thom isomorphism, and ρ is the Poincar‘e duality isomorphism for compact
manifolds.
By duality, the diagonal map Δ :M → M × M induces a map of spectra
Δ∗ :M−TM ∧ M−TM → M−TM
that makes M−TM into a ring spectrum with unit S0 → M−TM .
Let Th(ev∗(νN)) be the Thom space of the pull back bundle ev∗(νN) → LM where
LM = C∞(S1,M) is smooth manifold over separable Hilbert space H. Let define the
spectrum
LM−TM =
−2(N+d)∑
Th
(
ev∗
(
νN
))
.
The representing dual manifold X of the spectrum LM−TM is also a smooth separable
Hilbert manifold, e.g., LM−TM = [X,f ] ∈ U2d(LM).
Now we will give the main theorem of this work.
Theorem 3.1. The spectrum LM−TM is a homotopy commutative ring spectrum with
unit,whose multiplication
μ :LM−TM ∧ LM−TM → LM−TM
satisfies the following properties:
(1) The evaluation map ev :LM−TM → M−TM is a map of ring spectra.
(2) There is a map of ring spectra ρ :LM−TM → ∑∞ ΩM where the target is the
suspension spectrum of the based loop space with a disjoint basepoint. Its ring structure is
induced by the usual product on the based loop space. In bordism the map ρ∗ is given by
the composition
ρ∗ :MUq
(
LM−TM
) τ−→ MUq+2d(LM) ι−→ MUq(ΩM)
where τ is the Thom isomorphism and ι takes a bordism class with dimension (q +2d) and
by intersecting with the based loop ΩM as a codimension 2d , e.g., ι = i∗ :MU∗(LM) →
MU∗−2d(ΩM) is an induced homomorphism from the embedding i :ΩM → LM .
(3) The ring structure is compatible with the Chas–Sullivan loop product in the sense
that the following diagrams commute:
Uq(LM−TM) × Ur(LM−TM) ext
∼= u∗
Uq+r (LM−TM ∧ LM−TM) Δ∗ Uq+r (LM−TM)
∼= u∗
Uq+2d(LM) × Ur+2d(LM) . . . Uq+r+2d(LM)◦ ◦
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−TM) × Ur(LM−TM) ext
∼= u∗
Uq+r (LM−TM ∧ LM−TM) μ∗ Uq+r (LM−TM)
∼= u∗
Uq+2d(LM) × Ur+2d(LM) ◦ . . . ◦ Uq+r+2d(LM)
where ext is the external product, u∗ is the Thom isomorphism, Δ :LM−TM ×LM−TM →
LM−TM is the diagonal map which is adjoint to the multiplication map
μ :LM−TM ∧ LM−TM → LM−TM
and ◦ is the Chas–Sullivan loop product in cobordism.
Proof. The proof was done in [3] by essentially the same argument for homology but their
proof had a fundamental mistake. In this proof we will sort out this mistake and we will do
the modification for cobordism and bordism theories.
Let Δ :M → M × M be the diagonal embedding of closed oriented manifold M . The
normal bundle is isomorphic to the tangent bundle, νΔ ∼= TM so that the Pontrjagin–Thom
map is a complex orientable map τ :M × M → MTM with index zero. So we have Gysin
map in cobordism,
MU∗(M × M) τ∗−→ MU∗(MTM) u∗−→ MU∗−2d(M)
which is the transversal intersection product.
Here we will apply the Pontrjagin–Thom construction to the diagonal embedding
Δ :M → M × M using the canonical bundle −TM × −TM over M × M . We get a map
of Thom spectra
τ : (M × M)−TM×−TM → MTM⊕Δ∗(−TM×−TM)
or,
τ :M−TM ∧ M−TM → M−TM.
The details about the Pontrjagin–Thom construction can be found in [3].
To construct the ring spectrum product
μ :LM−TM ∧ LM−TM → LM−TM,
they pull back the structure τ over the loop space LM .
For this, they define LM ×M LM which is fiber product in the following diagram
LM ×M LM
ev
Δ¯
LM × LM
ev×ev
M
Δ
M × M
They note that LM ×M LM is a codimension 2d submanifold of the infinite dimensional
manifold LM × LM and it is equal to{
(α,β) ∈ LM × LM: α(0) = β(0)}.
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section of maps, so Δ¯ is pull back of the diagonal map Δ under the submersion map
ev × ev :LM × LM → M × M . The induced map Δ¯ is a Fredholm map with index 2d
and consequently LM ×M LM is a codimension 2d smooth submanifold of the infinite
dimensional manifold LM × LM .
Also they note that there is a natural map γ :LM ×M LM → LM defined by first
applying α and then β . That is,
γ :LM ×M LM → LM by γ ((α,β)) = α ∗ β,
where
(α ∗ β)(t) =
{
α(2t) if 0 t  12 ,
β(2t − 1) if 12  t  1.
But the image of γ is not smooth loop as they have described it above. However there is a
standard way to modify the definition of γ so that the target is smooth. The resolution is in
the parametrization of the loop. With continuous loops one just defines:
(α ∗ β)(t) =
{
α(2t) if 0 t  12 ,
β(2t − 1) if 12  t  1.
but this may be not be smooth at 12 or at 1. To modify this we need a bijective smooth
function from [0,1] to [0,1] which has all derivatives zero at 0 and 1 since we will use
this to reparameterize the two loops. Then we can patch them together without losing
smoothness.
To write this special parametrization, we define a map ϕ : [0,1] → [0,1] by
ϕ(t) = 1
c
t∫
0
exp(−
1
s2(s−1)2 ) ds where c =
1∫
0
exp(−
1
s2(s−1)2 ) ds.
It is a smooth bijective function from [0,1] to [0,1] which has all derivatives zero at 0
and 1. Now we can define a map
Φ :LM → LM by Φ(α)(t) = α(ϕ(t))= α ◦ ϕ(t).
It is a smooth map and let LresM = Φ(LM). LresM is a smooth submanifold of LM and
it is smooth homotopic retraction of LM . Similarly LresM ×M LresM can be constructed.
It is also smooth homotopic retraction of LM ×M LM . Then we can define a new version
of the map γ :LM ×M LM → LM as the composition of the following maps
γ :LM ×M LM Φ×Φ−→ LresM ×M LresM ∗−→ LresM ⊂ LM.
The defined new version of γ is smooth. In the proof of [3], we can use LresM ×M LresM
instead of LM ×M LM because it is smooth homotopic retraction of LM × LM .
If we restrict to the product of the based loop spaces, ΩresM × ΩresM ⊂ LresM ×M
LresM , then γ is just the H -space product on the based loop space, ΩresM × ΩresM →
ΩresM .
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ν(Δ¯) defined to be the inverse image of the tubular neighborhood of the diagonal map
Δ :M ↪→ M × M :
ν(Δ¯) = ev−1(ν(Δ)).
Hence there is a Pontrjagin–Thom construction
τ :LresM × LresM → (LresM ×M LresM)ev∗(TM).
The map τ is a smooth Fredholm map. By the Pontrjagin–Thom construction, we have the
following commutative diagram
LresM × LresM τ
ev
(LresM ×M LresM)TM
ev
M × M τ MTM
In bordism, we have
ι :U∗(Lres × LresM) → U∗−2d(Lres ×M LresM)
where ι takes a bordism class with dimension n and intersects with the submanifold
Lres ×M LresM as a codimension 2d , i.e., pull backs by the inclusion Lres ×M LresM →
Lres × LresM .
By the following commutative diagram
LresM ×M LresM γ
ev
LresM
ev
M = M
we have an induced map of bundles γ : ev∗(TM) → ev∗(TM), hence we have a map of
spectra
(LresM ×M LresM)TM γ−→ (LresM)TM.
Then we will get the following composition
μ˜ :LresM × LresM τ−→ (LresM ×M LresM)TM γ−→ LMTM.
In bordism, the homomorphism
U∗(LM × LM) μ˜−→ U∗
(
LMTM
) u∗−→ U∗−2d(LM)
takes a bordism class in LM × LM , intersects in with the codimension d submanifold
LresM ×M LresM , maps it via γ to LM . This is the definition of Chas–Sullivan product
U∗(LM).
Using the diagonal embedding LM → LM × LM , we can perform the Pontrjagin–
Thom construction when we pull back the virtual bundle −TM ×−TM over LM ×LM .
Then we obtain
2116 C. Özel / Topology and its Applications 153 (2006) 2104–2117τ :LM−TM ∧ LM−TM → (LresM ×M LresM)TM⊕−2TM
= (LresM ×M LresM)−TM.
Then we can define the ring structure on the Thom spectrum to be the composition
μ :LM−TM ∧ LM−TM τ−→ (LresM ×M LresM)−TM γ−→ LM−TM.
In [3], they show that μ is associative.
In bordism, by Thom isomorphism μ∗ induces the same homomorphism as μ˜∗, so we
have the following diagram commutes.
Uq−4d(LM−TM ∧ LM−TM) μ∗
∼=u∗
Uq−4d(LM−TM)
∼=u∗
Uq(LM × LM) ◦ Uq−2d(LM)
where ◦ :Uq(LM ×LM) → Uq−2d(LM) is the Chas–Sullivan product. In complex cobor-
dism, we define the Chas–Sullivan product by the following commutative diagram
Uq−4d(LM−TM ∧ LM−TM) Δ∗
u∗ ∼=
Uq−4d(LM−TM)
u∗ ∼=
Uq(LM × LM) ◦ Uq−2d(LM)
In [3], they show that ρ :LM−TM →∑∞(ΩM)) is a map of ring spectra. In bordism the
map ρ∗ is given by the composition
ρ∗ :MUq
(
LM−TM
) τ−→ MUq+2d(LM) ι−→ MUq(ΩM)
where τ is the Thom isomorphism and ι takes a bordism class with dimension (q +2d) and
by intersecting with the based loop ΩM as a codimension 2d , e.g., ι = i∗ :MU∗(LM) →
MU∗−2d(ΩM) is an induced homomorphism from the embedding i :ΩM → LM . 
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